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When Fair Betting Odds are not Degrees of Belief 

T. Seidenfeld, M.J. Schemish, and J.B. Kadane 

Carnegie Mellon University 

1. Introduction 

The "Dutch Book" argument, tracing back to Rarnsey (1926) and deFinetti (1974), 
offers prudential grounds for action in conformity with personal probability. Under 
several structural assumptions about combinations of stakes (that is, assumptions about 
the combination of wagers), your betting policy is consistent (coherent) only if your 
fair-odds are probabilities. The central question posed here is the following one: 
Besides providing an operational test of coherent betting, does the "Book" argument 
also provide for adequate measurement (elicitation) of the agent's degrees of beliefs? 
That is, are an agent'sfair odds also histher personal probabilities for those events? 

We argue the answer is "No!" The problem is created by state-dependent utilities. 
The methods of elicitation proposed by Rarnsey, by deFinetti and by Savage (1954), 
are inadequate to the challenge of state-dependent va1ues.l 

2. A review of the Dutch Book argument. 

A bet odagainst event E, at odds of r:(l-r with total stake S > 0 (say, bets are in $ 
units), is specified by its payoffs, as follows. 4 

E 

We assume that the status quo (the consequence of abstaining) represents no net 
change in wealth for the agent. It is depicted by a 0 payoff in the units of the stake. 
The "Book" argument depends upon four other structural assumptions (a -d) about 
the agent's preferencestCcoPm1s 



Let strict preference be denoted by <and let indifference be denoted by =. Call 
an option (act) A favorable in case it is strictly preferred to abstaining (abstaining < 
A), call it unfavorable in case abstaining is strictly preferred (A < abstaining), and 
call it fair whenever the agent is indifferent between it and abstaining (abstaining = 
A). Last, say that option A2 dominates option Al provided there is some (finite) par- 
tition K of events, K = {El, ....,En], where event-by-event A2 yields a larger payoff 
than Al. Then: 

(a) 	Given an event E, a betting rate r:(l-r) and stake S, the agent's preferences 
satisfy exactly one of these three profiles. 

(a.1) betting on < abstaining < betting against E, 

or 	 (a.2) betting on = abstaining = betting against E, 

or 	 (a.3) betting against E < abstaining < betting on E .  

(b) The (finite) conjunction of favorable bets is a favorable option, the (finite) 
conjunction of unfavorable bets is unfavorable, and the (finite) conjunction of 
fair bets is fair. 

(c)  For each event E there exists a stake S and fair betting rate r ~ ,  i.e., where pro 
file (a.2) holds. 

(d) The agent strictly prefers dominating options.4 

Dutch Book Theorem: If the structural assumptions obtain, fair betting odds are 
probabilities. 

Proof: Sej�/T1_0 1 Tf�0.0423 Tarc 4.246 0 Td�(assumptions )Tj�5.463 0.(finite) )Tj�0.028282.996 Tm�/T1_0 13ions E. 









There is a heuristic analogy for this decision-theory problem. We are familiar with 
PoincarC's (1982, p. 88) parable about separating the geometry from the physics 
based on the qualitative relation, is no longer than. What shall count as a rigid rod? 
In decision theory, we face the problem of separating utility from probability based 
on the qualitative relation, is preferred to, (0.The familiar approach (deFinetti, 
Savage, etc.), which aims at a representation in the form (3*),directs us to find a pair 
of outcomes that serve (analo ously) as rigid Utility-rods across x :  outcomes whose 
values are state-independent. ? 

For a typical system of preferences over acts, there are many choices of what out- 
comes may carry state-independent utility. Different choices here yield different 
probability/utility pairs for representing the same preference relation over acts. In the 
Dollar-Yen example, the two rival representations arise from switching between tak- 
ing $-payoffs as state-independent in utility and taking Yen-payoffs that way. 

The matter worsens in practice. If elicitation of personal probability from prefer- 
ence is made felicitous by using acts defined with a very few outcomes, then the lack 
of robustness in the resulting representation is magnified. It is easy for different elici- 
tors to report inconsistent attributions of probability to the d�(probab8of1ort )Tj�0.0141 Tihk6�2Tj�0.0282 TcS1.082 0 Td�2 Tc8l 0.892 0 TdTj�0.0282 5lri705 0 Td�(0 Td�(lack )Tp999 Td�(emes, )Tj�4.625 0�4.625 0 / 1.569 0 T-dataprobab8of1ort )T7 0 . yfor typi�0.0282 Td�(ing )Tj�0.028j�0.0141 hav2.217 0 Td�(is )Tj27�0.0282 s that 3Tj�1.866 0 Td�(way. )Tis magnif1j271141 Tihk6�2Tj�0.0282 TcS1Tj�0.0282 Tc 4.922 0 0.946 0 Td568 0 Td�0 Td�(the )Tj�-0.0141 Tc etwe68 0 Td�99 Td�(Dollaring )Tj�0.02Td�(is )Tja29 0 Td�tions 0(preferenn )Tj�0.02 -1.026 Td�(tors )Tj�0.0423 .10lu 2.217 34 0 Td�(fro1.325 0 Tagnifri705 0 Td�(0 Td�(laield82 T�0.0�(t Tc 2o05 0 Td�(0Tc 2.19 0 6Td�(withcur9 0 i82 Td�(ing )Tj�0.02678141 Tihk6�2Tj�0.0282 TcS1Tj�0.0282 Tc 4.922 0�42625 0 / 1.569 0 Td�(same er )Tj�3.ques9 0 n26 82 Tc 4.11 5)Tj. )Tj�0 pu Td�(yfor )Tj�0.04223)Tj�0.02 -1.02S1Tj�0.0282 Sm705,Td�(magnif0145Tc 1.136 4.3 0 Tof1ort )Tld8n )Tj�0.0willTd�(yfor )Tj�0.04. )Tj�-0.b 4.922 0271141 Tihdisc05 041 Tc 2.56 )Tj�0.0286ng i n g  f r o 1 4 1  T c  5 . 1 3 8  0  T d � j � 0 . 0 1 4 1  s  

m a t 2 2 3o2T�0.0282 Tcabou866 0 Td�(to )Tj�0223mat48ng of m�jj�0.0141 in�0.- 0.892 0 0It Tc 3.894 0 mesulting yfor prefer TTj�0.0282 ou8.j�0 Tc 5.408 0 Td�(that 4Tj�1.866 0 Td�(way. )Tis )Tj�0.02/P <</MCID 2 >>B69.5818 305.291.0�0.0I0 Td�(robustness )Tk t o  1 9 9 0 ) , j � 5 . 0 5 7  5 6 r e f e r e n 2 9 6 8  0  T d � ( ( e m e s ,  ) T j � 4 . 6 2 5  0 � � ( e a s y  ) T j 0 5  l o p c  1 . 8 9 3  0  T d � ( m a t 2 2 4 0 . 0 2 8 2  T c 0 1 4 1  T c  5 . 1 3 8  0  T 1 1 7 8 5 0 . 0 1 4 1  T c  m 8 2  T c  4 . 1 1   1  T c  - 3 4 . 3 1 k 6 � 2 T j � 0 . 0 2 8 2  T c S 1 T 5 5 0 . 0 1 4 1  0 9  n e c s u l t i n g  ) T 5 6  ) T j � 0 . 0 2 emes, 

prefer TTj�0.0423 how082 0 T j � 0 . 3 j 0 8 3



r~ for betting on E, independent of S. For betting odds greater than r ~ ,  the agent 
prefers betting against E (profile a-1), at the fair odds the agent is indifferent (profile 
a.2), and with betting odds less than r~ the agent prefers to bet on E (profile a.3). 

50f course, Smith (an expected utility maximizer) has a personal rate of exchange 
between dollars and yen, $1 =smith 121.62 Yen. That is, Smith is indifferent between 
$1 outright and 121.62 Yen 




